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Introduction and initial set up

= |n Topological data analysis, one works with point-cloud data set (X, d) i.e. the
data set X modeled as a finite metric space.

= We assume X to be a discrete sample from a larger topological space S whose
shape we are interested in.

Aim: Utilize X in-order to obtain “shape” information about S.

" | X| < oo = X is equipped with the discrete topology which is neither
topologically useful nor interesting.

= To overcome this problem, we store shape information in X using an algebraic
object called simplicial complex which enables us to use tools from Algebraic
Topology to extract topological information.

Why use a simplicial complex?

Persistent Homology Basics

= We assume the underlying topological space S is triangulable , hence it makes
sense to associate it with a simplicial complex that allows us to use the area of
simplicial homology within Algebraic topology to extract topological
Information.

= Although the fundamental group of a space contains all the topological
Information, computing the fundamental group of spaces is often very difficult.

= Therefore at the cost of losing topological information, one prefers simplicial
homology groups, as they are easier to compute under triangulization
assumption.

Figure 1. 2-D sphere is triangulable.

Associating data with a Simplicial Complex

X = Simplicial complex.

= The k-th chain group Cx(X; R) is a free abelian group if the set of coefficients

R come from a Z. This in turn induces a series of group homomorphisms
8k ; Ck(X, R) — Ck_l(X; R)
= On the other hand, if the coefficients R come from a field then Cx(X; R) is a
vector space over R which induce a series of linear transformations
8k ; Ck(X, R) — Ck_l(X; R)
= Define Zi(X; R) = ker(0x) and Bi(X; R) = Im(0y41).
Z1(X; R)

= k-th homology group = Hi(X; R) =

Cv(X; R)

{Abelian group

Vector space

Figure 2. The choice of coefficient PID (eg. Z, field) influences the structure of Hy(X; R). Note
that free abelian groups have properties similar to vector spaces.

Reduction algorithm to compute H.(X; R)

Barcodes: Alternate way of storing homology information

= Our goal is to build a simplicial complex on data set X such that the
homology of the complex approximates the homology of the original space S.

Complex Size Guarantee
Cech O(2")  Nerve Theorem
Vietoris-Rips O(2") Approximates Cech
Alpha Nerve Theorem
Withess In Euclidean space

Table 1. Some ways of associating a simplicial complex to data

* The worst case size of Cech and Rips complex is exponential. However, the
process of constructing the complex takes exponential for Cech and
polynomial time, O(n?), for Rips.
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= The algorithm is originally due to Poincaré. Although Poincarée was unaware,
the algorithm is equivalent to Smith’s algorithm published earlier.

= let R = 7Z for simplicity.

= The Smith normal form of a r x ¢ matrix M over Z is a matrix product

S,y M Teowe = M,y Where NT — {Dlag(dl, oo dpy) O (c—m)

O(T—?TL) Xm O('r—m)x (c—m)

such that matrices S, T are invertible and d;|d;; for all .

= Reduction algorithm computes Hi(X; R), Br(X; R) and , Zx(X; R) by reducing

boundary matrix to Smith Normal form. Let
8k = Skéka VE such that rank(ak) = My, then,

TME+1
Hy(X;Z) = 7™ & QH(Z) i)
1=1

Structure theorem for modules over PID

= [dea: Combine the homology of all complexes in the filteration and view it as a
single algebraic structure called the Persistence Module.

* Let { X}, be a filtered simplicial complex. Then M = {(Hi(X;))"1, (fij)vii}
defines a persistence module.

= Given a persistence module My = {M;, ¢, }i>o where each M, is an R-module,
there exists corresponding well-defined R|[t|-module a(M;) = 69 M,

i>0
Ring R R|t] Can we characterize a(M,;)?

PID, E.g. Z Not a PID Known to be a difficult classification problem
-ield, BE.g. Z/pZ PID Use the Structure theorem

Table 2. Significance of using field coefficients

= Define P-interval to be an ordered pair (z,7) such that 0 <7 < j € ZU {0}

= let R = F be a field. Now, associate an F|t|-module to a finite set of
P—intervals using the map Q:

e F[t]
Q(Zaj) o Zz (t]‘_@)
" Q(i,00) = Y. F[t] (Free part)
= Let S be set of P-intervals, then Q(S) = E} Q(i,j)
(4,7)€S
= Corollary: The correspondence § — 9(S) defines a bijection between finite
sets of P-intervals and finitely generated graded modules over F[t].

(Torsion part)

: Finitely generated non—negaﬁve\
- graded modules over F[t]

Finite sets of
P-intervals

(Persistance modules
of finite type over F

D E—

The Standard algorithm for R = 7Z /27

Theorem: Let M = () be a finitely generated module over a PID R.

M . .
1. Then s free and there exists a free submodule F' in M such that
Tor(M)
M = Tor(M) & F where F = M
p— I‘ p—
? Tor(M)

2. Forre NU{0} and ay, ..., a, € R (which are not units in R) satisfying
ai|as| - - |a,, we have
R R

(@)~ (am)

The structure theorem completely characterizes the structure of finitely gener-

ated modules over PID.
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= The algorithm gives a way of obtaining barcodes, i.e. a set of P intervals for a
filtered simplicial complex over field F' without having to construct the
persistence module.

= Place a total order on X = {0y, -+ ,0,}.
* Define: §(4,5) = I(0; < oj of codim 1) and low(j) = 4 := argmax{x|d(x, ) # 0}.

= We say that § is reduced if low is injective. Note that low(j) is undefined when
o(x,7)=0Vxe{l,--- ,n}

Once low Is reduced, following is how we get barcodes:

1. Iflow(j) =% == pair g; with g; which corresponds to |dg(o;), dg(o;))
2. Iflow(y) = undefined, then it corresponds to |dg(o;), 0o)
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